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Abstract. Making use of the recent theory of noncommutative motives, we 
prove that every additive invariant satisfies Galois descent. Examples include 
(nonconnective) algebraic A"-theory, cyclic homology (and all its variants), 
topological cyclic homology, etc. 



1. Introduction 

Additive invariants. A differential graded (=dg) category A, over a base field 
fc, is a category enriched over complexes of fc-vector spaces; see §2. Let us de- 
note by dgcat the category of (small) dg categories. Every (dg) fc-algebra A gives 
naturally rise to a dg category A with a single object and (dg) fc-algebra of endomor- 
phisms A. Another source of examples is provided by fc-schemes since, as proved 
by Lunts-Orlov [8], the derived category of perfect complexes T> peT f(V) of every 
(quasi-compact separated) fc-scheme V admits a unique dg enhancement V^ cTi (V). 

Given a dg category A, let us denote by T(A) the dg category of pairs (i,x), 
where i G {1, 2} and x is an object of A. The complex of morphisms in T{A) from 
(i, x) to (i',x') is given by A(x, x') if i > i' and is zero otherwise. Composition 
is induced by the composition operation in A; consult [14, §4] for further details. 
Intuitively speaking, T(A) "dg categorifi.es" the notion of upper triangular matrix. 
Note that we have two inclusion dg functors i\ : A <-» T(A) and %2 : A ^ T(A). 

Definition 1.1. Let E : dgcat — >• D be a functor with values in an additive category. 
We say that E is an additive invariant if it satisfies the following two conditions: 

(i) it sends Morita equivalences (see §2) to isomorphisms; 

(ii) given any dg category A, the inclusion dg functors induce an isomorphism 1 

[E{h) E{i 2 )} : E(A) © E{A) -A- E(T(A)) . 

Thanks to the work of Blumbcrg and Mandell, Keller, Schlichting, Thomason and 
Trobaugh, Waldhausen, Weibel, and others (see [1, 4, 5, 6, 10, 12, 13, 17, 18, 19]), 
examples of additive invariants include connective algebraic if -theory (K), noncon- 
nective algebraic if -theory (K), homotopy algebraic if -theory (KH), Hochschild 
homology [HH), cyclic homology (HC), periodic cyclic homology (HP), negative 
cyclic homology (HN), topological Hochschild homology (THH), and topological 
cyclic homology (TC). Recall from loc. cit. that when applied to A, respectively 
to Z?pp rf (y), these invariants reduce to the classical invariants of (dg) fc-algebras, 
respectively of fc-schemes. 
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Galois descent. Let l/k be a finite Galois field extension of degree n := [I : k] 
with Galois group G := Gal(Z/fc). Given a dg category A, let us denote by Ai 
the dg category obtained from A by tensoring each complex of morphisms with I. 
Note that Ai comes equipped with an action of G and with a canonical dg functor 
la '■ A — > Ai- Our main result is the following: 

Theorem 1.2. (Galois descent) Let E : dgcat — > D be an additive invariant with 
values in an idempotent complete Z[l/n] -linear additive category. Then, for every 
dg category A one has a canonical isomorphism 

E(l a ) : E(A) ^ E(A t ) G . 

Intuitively speaking, Theorem 1.2 shows us that every additive invariant satisfies 
Galois descent as long as one inverts the degree of the field extension. The proof 
is based on the recent theory of noncommutative motives; consult §3-4 for details. 
By applying Theorem 1.2 to the above examples of additive invariants we obtain 
the following (concrete) isomorphisms: 

Corollary 1.3. For every (dg) k-algebra A and for every (quasi-compact separated) 
k-scheme V one has canonical isomorphisms 

KM)i/n * K*(Al)i,„ K.(V) 1/n c K m (Vi)° /ri 
K,(A) 1/n ~ K*{Ai)f/ n K*{V) 1/n ~ K.{Vi)? /r 
" ! 1 1 - h 11 : A -)Yjn KH*{V) l/n ~ KH*{V ln , 



G 

i 

G 



KH*{A) l/n ~ KH^AiK/n KH.(V) 1/n =s KH.(Vifi /n 
THH*{A) l/n ~ THH*{Al)x, n THH*{V) l/n ~ THH^V^ 



TC*(A) 1/n ~ TC.(A,)f /n TC.(V) 1/n ~ TC,(V,)? /n ■ 

where {—)i/ n := (-)®zZ[l/n], A; :=^4®fcZ andVi := V Xspcc(fc) Spec(Z). When the 
characteristic of k does not divide n, one has moreover the canonical isomorphisms 

HH*(A) ~ HH*{Ai) G HH,{V) ~ HH,{Vi) G 

hc*(a) ~ hc„(A/) g frG»(v) ~ i?a(^) G 

ffP»(A)-i?P,(A,) G fl"P*(F) ~im(^) G 
HJV»(A) ~ ffiV^) fTJV,(V) =s HN,{Vi) G . 

Remark 1.4. The above isomorphisms concerning algebraic if-theory, topological 
Hochschild homology, and topological cyclic homology hold more intrinsically in the 
category of spectra localized at the Z[l/n]-linear stable equivalences. On the other 
hand, the above isomorphisms concerning cyclic homology (and all its variants) 
hold more intrinsically in the derived category of mixed complexes; see [3, §5.3]. 

The isomorphism HH*{A) ~ HH^(Ai) G was established by Geller-Weibel [2] in 
the particular case of a commutative fc-algebra A. Under the assumption that k is 
of characteristic zero, the isomorphism HC*(A) ~ HC*(Ai) G was also proved by 
the authors. In what concerns algebraic if-theory, the isomorphism K*(V)i/ n ~ 
K*(yi)x/ n i s ( weii ) known to the experts 2 . Besides these examples in the "commu- 
tative world" , all the remaining isomorphisms of Corollary 1 . 3 (and of Theorem 1.2) 
are, to the best of the author's knowledge, new in the literature. Due to its gener- 
ality and simplicity, we believe that Theorem 1.2 will soon be part of the toolkit of 
every mathematician whose research comes across the above conditions (i)-(ii). 

Acknowledgments: The author is very grateful to Henri Gillet for stimulating 
discussions and motivating questions. 



2 I believe the credit should be given to Thomason [16]. 
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2. Background on dg categories 

Let C(k) be the category of cochain complexes of k- vector spaces; we use cohomo- 
logical notation. A differential graded (=dg) category A is a category enriched over 
C(k) (morphisms sets A(x, y) are complexes) in such a way that composition fulfills 
the Leibniz rule d(f o g) = d(f) og+ (-l) dc s(/)/ o d(g). A dg functor F : A -> B 
is a functor enriched over C(fc); consult Keller's ICM survey [ ] for further details. 

Products. The cartesian product A x B (resp. tensor product A ®k B) of two dg 
categories A and B is defined as follows: the set of objects is the cartesian product 
of the sets of objects of A and B and the complexes of morphisms are given by 
(A x B)((x,z),(y,w)) := A(x,y) x B(z,w) (resp. by (A ®fe B)((x, z), (y, to)) := 
A(x,y) ®fc B(z, w)). As explained in [ , §2.3], the tensor product gives rise to a 
symmetric monoidal structure on dgcat with dgi-unit the dg category k. 

Modules. Let A be a dg category. Its opposite dg category A op has the same 
objects and complexes of morphisms given by A op {x, y) := A(y,x). A left (resp. 
right) A-module M is a dg functor M : A -> C(k) dg (resp. M : A op -> C dg {k)) with 
values in the dg category Cd g (fc) of cochain complexes of fc-vector spaces. Let us 
denote by C(A) the category of right „4-modules; see [3, §2.3]. Recall from [3, §3.2] 
that the derived category T>(A) of A is the localization of C(A) with respect to the 
class of objectwise quasi-isomorphisms. Its full subcategory compact objects (see 
[9, Def. 4.2.7]) will be denoted by V C {A). 

Morita equivalences. A dg functor F : A — > B is called a Morita equivalence if 
the restriction of scalars functor V(B) —> D(A) is an equivalence of (triangulated) 
categories; see [3, §4.6]. 

Bimodules. Let A and B be two dg categories. A A-B-bimodule X is a dg functor 
X : A®k B° p — > Cdg(fc), i.e. a right (A° p ®fe 6)-module. A standard example is 
given by the ^4-^l-bimodule 

(2.1) A{-,-):A® k A op ^C Ag {k) (x,y)^ A(y,x). 

Let us denote by rep(.A, B) the full triangulated subcategory of V{A° P ®kB) consist- 
ing of those ^l-B-bimodules X such that for every object x of A the right £>-module 
X(x, — ) belongs to T> C (B). Associated to a dg functor F : A — >• B we have the 
„4-£>-bimodule 

X F : A ® k B op — > Cdg(fc) (x, z) ^ B(z, F(x)) 

as well as the B-^l-bimodule 

F X : B ® fc A° p — > C dg (fc) (z, x) B(F(x),z) . 

Clearly, Xp belongs to rep(^4, B). In contrast, p X belongs to rep(i3, A) if and only 
if for every z £ B the right ^4-module x i-^ B(F(x), z) belongs to V C (A). 

Remark 2.2. Given a dg category V and a dg functor F : A — > B, we have an 
equality (id®_F)-^ = , — ) ®fc fX of (V ®k B)-(V <g>k ^l)-bimodules, where id®F 
stands for the dg functor obtained by tensoring T> with F. 
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3. NONCOMMUTATIVE MOTIVES 

In this section we recall from [14] the construction of the additive category Hmoo 
of noncommutative motives; consult also the survey article [11]. This category, as 
well as its universal property, will play a key role in the proof of Theorem 1.2. 

Consider first the category Hmo with the same objects as dgcat, with morphisms 
defined as HomHmo(A B) I s0 rep(.A, B) where Iso denotes the set of isomorphism 
classes, and with composition law given by the tensor product of bimodules 

Iso rep(.A, B) x Iso rep(B, C) — > Iso rep(A, C) (A, Y) i-> X ® B Y . 

Note that the identity of every A £ Hmo is given by the above .A-„4-bimodule (2.1) 
and that we have a natural functor 

(3.1) dgcat — >Hmo (F:A^B)^X F . 

As explained in loc. cit., the symmetric monoidal structure on dgcat descends to 
Hmo making (3.1) into a symmetric monoidal functor. 

The additivization o/Hmo is the additive category Hmo with the same objects as 
Hmo, with abelian groups of morphisms given by HomH moo (A, B) := K iep(A, B) 
where K stands for the Grothendieck group, and with composition law induced 
by the tensor product of bimodules 

K iep(A,B)xK iep(B,C)—>K iep(A,C) {[X], [Y]) ^ [X ® B Y] . 

Note that the products (=direct sums) in Hmoo are given by the cartesian product 
of dg categories. Note that we have also a natural functor 

(3.2) Hmo — > Hmo X ^ [X] . 

As explained in loc. cit., the symmetric monoidal structure on Hmo descends fur- 
thermore to a bilinear symmetric monoidal structure on Hmoo making (3.2) into a 
symmetric monoidal functor. As proved in [14, Thms. 5.3 and 6.3], the composition 

u : dgcat — > Hmo — > Hmoo 

is the universal additive invariant, i.e. given any additive category D there is an 
induced equivalence of categories 

(3.3) U* : Fun add (Hmo , D) Fun A (dgcat, D) , 

where the left-hand-side denotes the category of additive functors and the right- 
hand-side the category of additive invariants in the sense of Definition 1.1. Because 
of this universal property, which is reminiscent from motives, Hmoo is called the 
(additive) category of noncommutative motives. 

4. Proof of Theorem 1.2 

Recall first from Galois theory that the order of the Galois group G is n. Let us 
denote by l : k °-s- I the finite Galois field extension l/k. Note that by definition Ai 
identifies with the dg category A <S>k L (where / is considered as a fc-algebra) and 
identifies with the dg functor id <E>t : A ~ A ®k k ~ * -A- ®k L 

Lemma 4.1. The [A®kQ-A-bimodule bA X belongs to iep{A®kL A). Consequently, 
it gives rise to a well-defined morphism [ LA X] : U{A®k L) ~* U(A) in Hmoo. 
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Proof. By applying Remark 2.2 to T> := A and F := l we obtain the following 
equalities of (A ®fe [)-(A <%>k fc)-bimodules 

(4.2) i*X = Qd9AX = A(-,-)®kiX. 

Since the .4-.4-bimodule A(— , — ) is the identity of A G Hmo and the category Hmo 
is symmetric monoidal, it suffices then to show that the Z-fc-bimodule L X belongs 
to rep(Z, fc). Note that L X is simply I (considered as a complex of fc- vector spaces 
concentrated in degree zero) endowed with the left multiplication by I and with the 
right multiplication by k. Since by hypothesis the field extension l/k is finite, L X is 
a compact object in £>(fc). Consequently, the Z-fc-bimodule L X belongs to rep(^, fc) 
and so the proof is finished. □ 

Proposition 4.3. The morphisms [ tA X] : U(A®kQ — > U(A) and U{lj\) : U(A) -> 
U(A®kL) in Hmoo verify the equality [ LA X] o U{la) — n ■ idy^y 

Proof. Recall that the functor Hmo — > Hmoo is symmetric monoidal and that 
[A(— , — )] E K rep(A,A) is the identity idjj^) of U(A) 6 Hmo . By combin- 
ing these facts with the above equality (4.2) of (A ®k Q-{A ®k fc)-bimodules, we 
observe that [ LA X] identifies with 

(4.4) id u{A) ®[ L X] : U(A) ® fc U(l_) — ► U(A) ® fe U(k) . 

Since the functor U is symmetric monoidal, U(lX) admits also the following de- 
scription 

(4.5) ida(^) ®U{ L ) : U{A) ® k U{k) — > U(A) ® k U(l_) . 

By combining (4.4)-(4.5) with the fact that the symmetric monoidal structure on 
Hmoo is bilinear, we conclude then that it suffices to verify the equality [ i X]oU(i) — 
n ■ idmfe)' As explained in §3, the composition 

[/(fc) U -H U(f) [/(fc) 

is given by [X k ®i_ L X] S Kq rep(fc, fc). Note that the fc-fc-bimodule X L ®i_ L X is simply 
I ®j / ~ I (considered as a complex of fc-vector spaces concentrated in degree zero) 
endowed with the left and right multiplication by k. Recall that by hypothesis the 
field extension l/k is finite of degree n. Therefore, by choosing a fc-linear basis 
{&i, . . . , b n } of /, we obtain an isomorphism of fc-fc-bimodules 

(4.6) X k ® Li X~k(-,-)® n . 

Now, recall that the identity idjjtk) °f U(k) e Hmoo is the class [fc(— , — )] G 
Koiep(k,k) of the fc-fc-bimodule k(—,—). By construction of the Grothendieck 
group we have [fc(— ,— )®"] = n ■ [fc(— , — )] in Kq rep(fc, fc). Therefore, using the 
above isomorphism (4.6), we obtain the searched equality 

IX] o U(l) = [X k = [fc(- -)® n ] = n ■ [fc(-, -)] = n • id u{k) . 

a 

Given an element a € G, let a a be the dg functor id ®g_ : A<E>k A®k h 

Proposition 4.7. The morphisms [ LA X] : U(A®kQ ->■ U(A) and U(ia) ■ U(A) -> 
U(A®kl) i n Hmo verify the equality U{ua) ° [t. A X] = J2aeG^( a ^)- 
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Proof. Since the functor U is symmetric monoidal and the symmetric monoidal 
structure on Hmoo is bilinear, the morphism X^o-eG U{?a) identifies with 

(4.8) id <E>(^2 U{a)) : U(A) ® fe U(l) — > U(A) ® k U(l) . 

By combining (4.8) with the above descriptions (4.4)-(4.5) of \ LA X] and U(l_a), we 
conclude then that it suffices to verify the equality U(i) o [ L X] = J2aeG 

Recall from Thomason [1G, Example 1.50] that, since by hypothesis the finite 
field extension l/k is Galois, we have the following isomorphism of fc-algebras 

6 : I ® fc I ^ Y[ 1 b 1 ®b 2 ^ (6x63, . . . , &i<r(& 2 ), . • •) • 

<rSG 

Let us denote by e± (resp. by e 2 ) the fc-algebra homomorphism I — > l® k l that maps 
b to b ® 1 (resp. to 1 ® b), and write r\\ (resp. 772) for the composition 9 o ei (resp. 
8 o e 2 ). Since I — l<^k L and Ilo-eG ' = IIcreG-> we nave then the following 
commutative diagram in dgcat: 

(4.9) k >-j ^=1 

t ei 771 

£2 * * 

I ^— ^i® k i {[ aeG 1 . 

Note that 771 = {id/J^gc : I — > TlaeG- Xs a consequence, the right Z-module m X 
is simply JIcreG ^ = (considered as a complex of /c-vector spaces concentrated in 
degree zero) endowed with the diagonal right multiplication by I. This is a compact 
object in T>(1) and so the dlaeG IH-bimodule m X belongs to rep(n CTG G h 0- As 
explained in §3, we obtain then a well-defined morphism : [ m X] : U(Y[ ae Q L) ~* U(f) 
in Hmoo- Let us now show that the following two compositions agree 

\,X] U(i) -r-r [mJC] 

(4.10) u(i) M u{k) u(i_) u{i) u(Y[i_) ^ u(D . 

cr£G 

The composition of the left-hand-side is given by the class L_JT ®kX^\ £ K rep(Z, V) 
of the W-bimodule L X <E>k X L , which is I ®k I (considered as a complex of fc-vector 
spaces concentrated in degree zero) endowed with the left and right multiplication 
by I. On the other hand, the composition of the right-hand-side is given by the 
class [X V2 <3(Y[ eG i) Vl X] £ Kq rep(Z , V) . Using and the commutativity of the above 
diagram (4.9), we obtain an isomorphism of Z-Z-bimodules 

( 4 - u ) X n2_®(n aeG D m X ~ X ^®(i®kL) *x X ■ 

Note that the right-hand-side of (4.11) is simply (l®kl)®(i® k i) {l®kl) (considered as 
a complex of fc-vector spaces concentrated in degree zero) endowed with the left and 
right multiplications by /. Therefore, the canonical isomorphism of W-bimodules 

allows us to conclude that [i_X(g>feXJ equals [X m G I) m x ]- Xs a consequence, 

the above compositions (4.10) agree and so we obtain the equality 

(4.12) U(l) o IX] = [^X] o [U(m)} ■ 
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Now, note that 772 = {<z}<t£G '■ L ~t YlaeG-- Since the functor U preserves (finite) 
products the composition of the right-hand-side of (4.10) identifies with 

m {U(^eo Y[U® [ ^$U(1). 
<tGG 

By applying Lemma 4.14 to the morphism {U(a)}aeG we conclude then that 
(4.13) [^X] o [U(m)} = ImX} o {U(a)} aeG = £ U(a) . 

<t£G 

Finally, by combining (4.12)-(4.13) we obtain the searched equality U(l) o [ l X] — 

E CT£G £%)- ' □ 

Lemma 4.14. For every morphism {[Y^o-^g in Hmoo from U{V) to Y\ aeG U{V), 
we have the following equality [ m X] o {[Y a ]} a £G = So-ggI^ "]- 

Proof. As explained in §3, the products in Hmoo are given by the cartesian product 
of dg categories. Hence, the composition [ m X] o {[Y a ]} aeG identifies with 



[( ]J Y °) ®(n„ eG i) m X \ e K rep(l_,l) . 



a£G 

Since 771 = {id L } aeG : I ->■ Y[ aeG l, the (ILec ^-Z-bimodule ^X is simply ]J aeG l 
(considered as a complex of /c-vector spaces concentrated in degree zero) endowed 
with the left multiplication by Ilo-eG ' ana - with the diagonal right multiplication 
by I. As a consequence, we have the following isomorphism of W-bimodulcs 

(n y -)®(iw)^ n y *- 

<x6G oeG 

The proof follows now from the standard equalities [Jln-eG ^o"] = [® a eG ^] = 
£ ffeG [F CT ] mK vep(l,l). ' ^ ' □ 

We now have all the ingredients needed for the conclusion of the proof of Theo- 
rme 1.2. By hypothesis, E : dgcat — > D is an additive invariant. Hence, thanks to 
equivalence (3.3), there exists an additive functor E making the following diagram 
commute 

(4.15) dgcat— ^-D 




u 

Hmo 

Using Propositions 4.3 and 4.7, we obtain then well-defined morphisms 

E(i A ) : E(A) — > E(A ® fe Q E(Ia x \) ■ E (A ®* I) — »• E{A) 
verifying the equalities 

(4.16) E([ lA X])oE(L A )=n-id E{A) E(t A ) o E(l A X]) = E M ■ 

crEG 

Since by hypothesis the additive category D is idempotent complete and Z[l/n]- 
linear, the G-invariant part E(A ®k L) G of E(A ®fe £) exists and is given by the 
image of the idempotent endomorphism l/^X^eG E ( a -A) of E(A®kQ- We obtain 
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then a well-defined inclusion morphism inc : E(A <%>k L) G E{A ®k I) such that 
E(a A ) o inc = inc for every a € G. Note that the following equalities 



V ctGG / <tGG 



creG 



imply that E(l a ) factors through inc. Let us now show that the morphisms 

(4.17) E{A) E M } E(A ® k if E(A ® fc l_f ^ E(A ® k /) E{1 ^? ]) E(A) 
are inverse of each other. Clearly, using the left- hand- side of (4.16) we obtain 

(4.18) E{[ UA X\) o inc o E(l a ) = n ■ id E{A) . 

On the other hand, by combining the equality E(o~ A ) o inc = inc with the right- 
hand-side of (4.16), we obtain 

(4.19) E{i A ) o E([ LA X}) o inc = n ■ id E (A® k lJ ■ 

Since by hypothesis D is Z[l/ri]-linear, both compositions (4.18)-(4.19) are isomor- 
phisms. This implies that the above morphisms (4.17) are inverse of each other and 
so the proof is finished. 

5. Proof of Corollary 1.3 

Recall from Loday [ , §1-5] and from Keller [ , §5.3] that by construction the 
abelian groups HH*, HC*, HP* and HN* are in fact k- vector spaces. Therefore, 
when the characteristic of k does not divide n these groups are also Z[l/n]-modules. 
In what concerns (quasi-compact separated) /c-schemes V, the isomorphisms of 
Corollary 1.3 follow from the following Morita equivalences 

V d p l lf (V)® k l ~ ^ s crf (T/)® fe ^ g crf (Spec(0) 

(5-1) ~ V%. { (V x Spcc(fc) Spec(O) 

where (5.1) is a particular case of [15, Prop. 6.2]. 
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